AXIOMATIZING BOMBIERI-HUXLEY
VICTOR WANG

ABSTRACT. We axiomatize the methods of Bombieri and Huxley to prove a zero-density
estimate for a general family § of primitive cusp forms on GL(m)/Q, assuming Ramanujan
for f € § at all places, an optimal large sieve inequality with A;(n) coefficients, “Lindel6f on
average” for a specified moment of L(f,1/2+ it), and a power bound on the growth rate of
§. We also discuss what can be obtained with a suboptimal large sieve.

The lack of complete multiplicativity of Af(n) complicates L’s approximate inverse M and
zero-detecting function Z = LM — 1. For a standard large sieve with Af(n) coefficients to
still apply without loss, we rely on the fact that when ny is square-free, Ay(ng)As(n1) has a
“separable” decomposition over square-full d of the form Zd‘nonl br(d)Ag(non1/d)Liad(d)n, -
Crucially, 1;44(d)jn, is independent of f, while bf(d) is independent of ng, n;.

We also sketch an alternative, possibly more intuitive approach, via the completely
multiplicative “first approximation” [] . p(1 — Ay (p)p~*)~1, for suitable P > 1.
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1. ASSUMPTIONS AND STATEMENT OF ZERO-DENSITY THEOREM

Let Q,T > 1 be parameters. Given a family § of primitive cusp forms on GL(m)/Q, let
§o consist of the forms f € § with analytic conductor q(f,s) < @ for s € [0,1] x [-T,T].
(We could also consider other, e.g. geometric, parameterizations of §.) Assume the following:
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e a power growth bound |§o| < QOW);
e Ramanujan for f € § at all places (though a slightly weaker assumption suffices);
e a large sieve inequality of the form

IAall; <5 C(15al. N)llal3,

where A is a |§g| x | N | matrix with entries A\¢(n) for f € §¢o and n < N; and
e for some fixed [ > 1, a moment bound on the critical line of the form

/t esp(=l/T) ST IL(F 12+ i)t <, TSl

f€dq

Remark 1.1. For convenience in numerics later on, we may make the harmless assumptions
that C(|§g|, V) is increasing in N and C(|Fg|, N) < |$¢|/N (the trivial bound).

Remark 1.2. A moment bound worse than Q¢ (Lindel6f) on average could still be useful, but
with the technique below, it would restrict the final zero-density estimate to o > oo > 1/2.

Given an optimal large sieve constant C(|§g|, N) < |§¢| + N, Proposition records
N(0,5¢,T) <. TQE|3’Q|(2—20)(l+1)/(l+2(1—o))

for the number of forms f € Fq such that L(f,s) has a zero p € [0,1] x [-T,T]. When d =1
and § consists of primitive Dirichlet characters over QQ, we recover the relevant (Q-aspect
results of Bombieri [Bom65| and Huxley [Hux71] for [ = 1 and | = 4, respectively.

Remark 1.3. As | — oo, the bound approaches the “Grand Density Hypothesis” in the
Q-aspect, with linear exponent 2 — 20 interpolating between 1 at 0 = 1/2 and 0 at o = 1.

Given instead a suboptimal large sieve, Proposition becomes messier, but we still
get nontrivial results near ¢ = 1/2 as long as there exist 7 > 0 and 6 > 1/2 such that

C(I5ol, Q") < gl and C(|5gl, Q") /Q" < [Fo|*~° for r € [min(r,d), T + 6], for some § > 0.

Remark 1.4. Here Q)7 represents the length of a finite “approximate inverse” M of L, while
Q%*€ represents the length of an approximation of L for ¢ = 1. When interpolating between
o =1/2 and 1, the key is 7: the large sieve prefers 7 smaller near 1/2, but larger near 1.

To resolve the tension, perhaps the terms n > Q" of Z := LM — 1 could be handled better,
especially near 1. Or near 1/2, if one could bound |Z|¢ or |[LM|® on average for some e > 0,
ideally e = 2, without separating L and M (see Section , then perhaps one could take 7
arbitrarily large, or weaken the “Lindelof on average” assumption. Maybe the distribution of
low-lying zeros of L(f,s) would come into play in such a refined analysis.

2. CONSTRUCTING AND ANALYZING AN APPROXIMATE INVERSE M

There may be other ways to proceed, but we will take M (f,s) to be the (finite, hence
entire) zth partial sum of the Dirichlet series expansion of 1/L(f,s), for some z > 1.
Here the local factor of L(f,s) at p takes the form

Ly(f,s) =Y M@ p™™ = [0 —appp) ™

k>0 i<m
=1 —epi(pp £+ (=1)"epm(p)p )"
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where eg;(p) is the jth elementary symmetric sum of the local roots ay1(p), ..., afm(p)
(some roots possibly equal to zero), with ey ;(p) = 0 for 7 > m + 1, while

NP =he(p) = Y ] en®*

kit ko =k i<m

is the kth complete homogeneous symmetric polynomial in the local roots. The expansion

=[]D _(~erspp™* = bp(n)n~

p §>0 n>1

is thus supported on n of the form nin3---n™ with ny,...,n,, square-free and pairwise
coprime. Note that Ay« by = 1,_1(x) and A\;(p) = hy1(p) = epa1(p) = —bs(p).
We may now explicitly compute bf(n) := [],, (=1)»™es, m)(p), and

)= bimn==> n [ ]]or@) = D n uln)Ar(m)bs(d),

n<z n<z Jj21 pln; n<z
where d :=n2---n™ = n/n, is square-full.

2.1. Square-full mold for large sieve. M ( f,s) is of the prototypical form

Sicz= > 0 Y aa(n/d)Ap(n/d)bp(d) =Y b(d) Y Ap(ni)ag(ni)(nid) ™
n<z dln d<z n1<z/d
where d is square-full, aq(ny) 1= p(n1)1ged(dn)=1 < 1, and by the Ramanujan assumption,
br(d) < Hp‘ J ( )) & d° (uniformly over f). Intuitively we will think of the contribution

from d > 1 in such a sum as “essentially of second order” since by Cauchy,
2

|Sa<.* < <Z|bf )|2d~ 1/2> de_% Z Ar(n1)aq(ni)ng® ;

d<z d<z n1<z/d

the key being that Y, d~'/? <. 2 there are O(D'/?) square-full numbers d < D. The
estimates become slightly more transparent, up to factors of log z, if one first decomposes
d < z dyadically; for a given D < z one has |bs(d)| <. D¢ for d < D, so

2

[Sixpl? < D223 1 3 Ap(n)ag(m)(md) ™

d=D |n1<z/d

by Cauchy. Heuristically, DY/23" ., < Dsup,p, but later we will want to sum over f (in
order to apply the large sieve inequality) before taking the sup over d < D.

2.2. Rewriting the zero-detecting function. We will use Z(f,s) := LM — 1, for which
L(f, p) = 0 implies Z(f, p) = —1. To bound the relevant Bombieri-Huxley moments, we need
to compute Z(f, s) to reasonable precision for o > 1. For simplicity, we first naively compute
the expansion for ¢ > 1 + €, where the algebraic structure is clearest, and then we explain
the necessary modifications for o > 1/2 + €, though we will only use o = 1.
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For ¢ > 1 + ¢, and a large parameter x > z to be chosen later, Ramanujan implies

L(f,s)M(f,s) = (Z Af(no)ng® +Oe($_6/2)) ( > (nldl)_sadl(nl)bf(dl))‘f(nl)>

no<x nid; <z

= O(z~*log2) + 1+ E(f,s),
with “arithmetic error term” E(f, s) given by a sum over d; square-full, ng < x, and nyd; < z:
E(f,s):= > n*Y beld) D> Ap(no)Ap(na)ag (n).
z<n<zx di|n noni=n/di
Here ag4, (ny) restricts n; to be square-free. Let v,(ng) =k > 0. If p | ny, so v,(n1) = 1, then
ArAs(0) = A @F)era(p) = M)+ D0 M )b (),
2<j<h+1
using Af # by = 1,1 for x = p**1; if p{ ny, then of course A;(p*)A;(p") = Af(p*). Hence
Ar(no)Ar(na) = Y Ap(nona/do)bs(do) Lead(dg)m
do|nony
where dy is square-full. Since dy | ngn; = n/d; implies dod; | n, we may write
E(f,s)= Y n° Y b(di)As(n/dido)bs(do)Agya, (n/dy),
z<n<zx d0d1|n
where (recall ag, (n1) = p(n1) 1y 10, < 1)
Adg,ar (N) 1= Z Lng<eLnydy <z Lrad(do)n @ay (M1) <Ke N°.

noni=N
We could do without further simplification, though in fact Ay, 4, (V) # 0 implies dy L dy, so
E(f,s)= Y_ n*Y bpld)(n/d)ay(n/d),
z<n<zx din

where d is square-full and aq(n/d) := 3, 4 g Ade.ds (n/d1)1dy 10, Ke d/*n/? < ne.
The following variant is not essential to our approach, though it could be useful for others.

Proposition 2.1 (Efficient smooth approximation). If f € §o and 1/2+ ¢y < o < 1, then

|L(f,s)M(f,s)—1] Leo.B Q*Bz + |E(f, s)| + X1/20Y‘71/2/

ve

for |t| < Q/™T/m, given X > Q®z and Y > 1 such that XY >, Q'*3°. Here

E(f,s):= % 07 b(d)As(n/d)da(n/d)

|E5(f,8)]edv
R

z2<n<zQ0X dln
Ey(fis)= >, 17°) by d)(l/d)a; (1)),
1<I<zY djl

for certain dq(n/d) <. n® and o 4(1/d) < 1°min(1,1/Y)7/2 to be computed below.
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Proof. For ny := 0 — 1/2 > €, Proposition [B.5 shows (cf. [IK04} p. 259, (10.71)])

S0 (%)+

I<Y

L X A () s @ ey |

n<Q0X veR

e V.

To account for the weights w(n/X) and (I/Y)"+ we modify Ay, 4, (N) as follows:
gdo,dl (N) = Z w(nO/X>1n1d1§2’1rad(do)|n1ad1 (n1> < N*

noni=N

Ay gy (N) := Z Liy<y (lo/Y) " 1, 4y < Lrad(de) s @ (n1) e N min(1, N/Y)™.

loni=N
Again AVdOydl(N) #0or Aj ;. 4 (N) # 0 implies dy L dy, and clearly M(f,s) < z, so
L(f.)M(f.8) = 1+ Onen(Q"2) + E(f.8) + Omen(X'277Y7712) /

ve

B (f,8)]e™dv
R

where d is square-full, ag(n/d) :== >, 1 _4 gd07d1(n/d1)1doLd1 <L d?n? < nf, and similarly
@/ d) =3 gya,=a A o (/1) Vg Lay <K 1min(L, 1/Y)™,
A priori, the sum E(f, s) should include n < z. But w(ng/X) = 1 + O(e~¥/™), so
Avdmdl(N) — Ado,d1 (N) < Z e—X/no <. Nee—X/z < Zee—Qeo

non1=N

for N < z. Now if n < z, then n/dy < z and d < z for dy | d | n, so
da(n/d) — aa(n/d) <. > e @ < e 9"

dodr=d

> bi(d)Ap(n/d)[da(n/d) — aa(n/d)] < nf-nc- 226" < 2hem@

din
But 3, 0f(d)Ar(n/d)aa(n/d) = 1,=1 for n < z by definition of M(f, s) as a partial inverse
of L(f,s), 80 32, c,n "3y, bp(d)Ar(n/d)aa(n/d) =1+ Oc(z - e~9?), as desired. O

3. ZERO-DETECTING FUNCTION ANALYSIS

For convenience, enlarge § to be closed under dualization. Following [Bom65, pp. 215-218,
Section 4], fix an even integer A > 2 and define F(s) := ergQ(l — Z(f,s)%), an entire
function with F(R) C R; if L(f, p) = 0 for some f € Fo, then Z(f,p) = —1, so F(p) = 0.

If 2>> 1, then F(s) # 0 on o = 2, since |Z(f,2 +it)| <. 2717 by the triangle inequality.
Define G = log F' by arg F'(2) = 0 on the complement of V' = {Jp(,)_o{s < p}. For s € V,
set G(s) = lim_o+[G(s + i€) + G(s —i€)]/2; then [, F'(s)/F(s)ds = G({1) — G({,) for any
horizontal path ¢ = lyl; with F'(¢y), F'(¢1) # 0, provided we take the Cauchy principal value
when ¢ hits a zero p. Now [ F'/F = AG on the path o —iT,2 —iT,2 +iT,0 +iT, so

1 o , , o F'(o+it) .
- 2nN(0,80,T) < Sllog F(o +iT) ~ log F(o —iT)] ~ $ 4 i
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for all but finitely many o, by the argument principle. Integrating over o € [«, 2] using
Fubini-Tonelli [Lit24, p. 300, fn. *], we get Littlewood’s lemma |Lit24, p. 299, Theorem 1]:

2 F'(o+ it
/ N(o,5o, )da</[argF(a+zT)—argF(o—zT)}da—/ ?R/ Flo+il)
N | <T F(o +it)
the inner integral being log|F'(2 + it)| — log| F'(a + it)| for all but finitely many ¢.
Now, [log F'(2 +it)| <, [FolzA"19 < 1if A > 1 (we will choose 2z < Q" for 7 > 0 fixed),
cf. [Bom65, p. 217, (4.7)], so the proof of [Bom65, p. 216, Lemma 6] goes through:

dodt,

/Z[arg F(o+it) —arg F(o —it)|do < 1+ /27T logt|F (2 + it + (2 — a)e™)|df

« 0

for a € [1/2,1] and t € R. Using log™ () := max(0, log(x)) to bound log|F(« + it)|, we get

7 /2 N(o,3q,T)do < / log*|F(a+it)|dt+T +1+ /27r logt|F(2+iT + (2 —a)e)|do.
a t<T 0

Then averaging over T, 1llsing monotonicity of N (o, §g, —), gives

/ N(0,3¢9,T)do < T + sup / log™|F (o + it)|dt
|t|<2T+2

alo<4

as in [Bom65| p. 223, (4.20)-(4.21)]. Here

log F()] < 3 Tog™ |1 — Z(/,5)7]
fe€So

3.1. Interpolation and benchmarks. Following [Bom65| pp. 221-222], define

O(0,T) := / Z log™|1 — Z(f, o +it)*|dt

‘”ST fe%’
and Zp(f,s) := Z(f,s)/cos(s/T) for T > 4, so that
Ir(o; \) Z|ZT foo+it)| 1/Adt<</ > lexp(—[t/T)Z(f, o + it)|/ dt
teR fe@ teR feg

for o € [1/2,1]. (In [Bom65]’s notation, Jy(o;A) = Ip(o; N)A.) If A\, u € [A~1 A], then for
v=uv(o):=2(1—0)A+ (20 — ) € [A} A]
we have log™|1 — w?| < log(1 + |w|*) <4 |w|'” for w € C (cf. [Bom65, p. 222, (4.18)]), so
O(0,T) < / Z \Z(f, 0+ it)|VVdt < Ip(o,v) < Ip(1/2; \) 20OV [0 (1; ) Go—Drlv
|t‘ST fe&'Q

by [Bom65| p. 221, Lemma 10| generalizing Gabriel’s holomorphic convexity theorem.
Before deriving estimates for I7(1/2; A) and Ir(1; 1) in the next two sections, we first set
benchmarks for obtaining a nontrivial zero-density theorem near the critical line.

Proposition 3.1. Assume Ir(1/2;)) <. TQ|Fo| and Ir(1;p) <. TQ|Fo| ° for some
fized 6 > 0. Then N(a,To,T) < TQ o' @*e for a € [1/2,1] and T > 1, where

o 2(1—o)A . (20 — 1) (20 — 1)
o) = v(0) b v(o) 20— o)A+ (20— 1)p

(1-8)=1-3§
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is decreasing and concave on [1/2,1], with slope —20p/\ at o =1/2.

Proof. The trivial bound N (o, §g,T) < |§¢l| gives exponent 1 = [(1/2) = l(a) + o(1) as
e = 0if a < 1/2 + ¢, by continuity of [(0) at 0 = 1/2. If @ > 1/2 + € then [Bom65, p. 224]
2
N(a, 3o, T) < et N(0,3q,T)do <. T+ sup &(0,2T +2)

a—e a—e<o<4
Here ® (0, 2T + 2) < (2T + 2)Q¢|Fo|"?) by construction of I(c). Now [(o) is decreasing on
[1/2,1] since § > 0 and (20 — 1) : 2(1 — o)A is increasing, so N(a, §o,T) < TQ || @79.
But (o — €) = l(a) + O(e) since I'(0), the derivative of a smooth function, is uniformly
bounded on [1/2,1], so as € — 0 the exponent on |§g| is I(«) + o(1), as desired. O
3.2. Moment estimates on the critical line. Take A = (I +1)/(2l), so

|Z(f, )" < max(L, |L(f, s)M(f,8)['*) < L+ |[L(f, ) +1- |M(f.5)]

Ir(1/2:)) < / exp(—|t/AT) Y (L4 |L(f, 1/2 + it) [+ [M(f,1/2 + it)[?)dt

teR fedo

by Young’s inequality. By our 2/th moment “Lindel6f on average” hypothesis, the contribution
from 1+ |L(f,1/2 + it)|* is <. AT|Fo|Q°. On the other hand, the strategy described in
Section with D > 1 and d € Z implicit everywhere, yields, by the large sieve,

2

Z IM(f,s)|* <. (log z) sup D" sup Z Z Ar(ny)aq(ng)(nid)™*

fedq D<= =D rego m<z/d
< (log z) sup D' sup C(|Sql, z/d) Z lag(ny)|?(nd) =%
Dz ni1<z/d

< 2 sup Dsup C(|Sql, z/d)D™%;
Dz d=xD

we use 20 > 1 to evaluate ) . If C(|Fq|, —) is increasing, then the sup occurs when D =< 1
and d = 1, giving a bound of 2°C(|§g|, 2). For 0 = 1/2, we may then take z < Q" to get

Ir(1/2; N) < ATQ |50l
provided C(|§ql, Q7) <. [§0|Q¢, e.g. if C(|Fg|, N) < [§g| + N and Q™ < ¢l
3.3. Moment estimates to the right. Take y=1/2. If 0 > 1 + €, then

In(os 1) <oy / exp(—[t/nT) 3 (@7 0(log 2)? + |E(f, ).

teR feso

The method of Section 2.1 with an extra dyadic decomposition in nq, yields

Z |E(f,s)]* < (log zz) sup D***sup Z Z Ar(na)ag(ng)(nid)™°

f€3q Das d=D f€3q |z/d<ni1<zz/d

< (log zz)? sup D' sup C(|Fol, N1) Z laa(ny) 2 (nad) %

D«zx z/DKN1<Lzz /D n1=N;

< (22)° sup D sup C([Fel, N1) N (DNy) ™2,
D<zr  z/DKN1<zx/D
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where it is implicitly understood that Ny, D > 1 everywhere. Changing variables from Ny
to N := N D, we get (zz) supp y C(|§o|, N/D)N'727 over z < N < zz and 1 € D < zz,
which is <. (zz)supy C(|Fq|, N)N'727 if C(|Fgl|, —) is increasing.

If 0 > 1+ ¢ and 2 < Q? (recall z < Q7), we get

Ir(o; ) <eoo #T|Tglz™(log 2)? + pT(22)2** sup C(|gl, N)/N
2K N<Lzx

s0 if >, 1 then Ip(o;p) <ceo TQ2* 2Tl 2 as long as C(|Fgl, Q")/Q" < |Solt? for
r € [min(r,8), 7 + 6]. For example, given C(|Fg|,N) < |§g| + N, we may take 6 = 1 if
Q7 > |Fo| and 0 > 7.

With the smooth estimate Proposition for 1/2+ ¢y < o <1, we in fact have

r(011/2) € [ Y (@ P2 B+ 07X [P an ) o

teR fESQ

given parameters X > Q%®z and Y > 1 such that XY >, Q'"3%®. (Strictly speaking,

Proposition only applies for [t| < Q®/™T /m, but for |t| > Q°/™T/m we may use a weak

bound such as L(f,s) <, q(f,s)* < (Q[t|™)* [IKO04, p. 100, Exercise 3].) This time we get
Ir(051/2) oo T|S0|Q P22+ T(2X) sup  C(|Fg|, N)N'™2

KNz X
+TY/X)* ' sup O(Fol, L)L > min(1, L/Y)* 1.
1< LL2Y
Here L'~ min(1, L/Y)? ' = max(L,Y )27, so sup;, = supy <.y C(|Fql, L) L' 7.

The cleanest setting may be Y = X = Q%+, say, where # > max(7,1/2). For 0 = 1, we
again get I7(1;1/2) <. TQ|Fo|' ™ as long as C(|Fgl, Q")/Q" < |Sol*~? for r € [r,7 + 4].
For example, given C(|§g|,N) < |Fg| + N, we may take § = 1 if Q™ > |§g| and 6 > 7.
(Alternatively, Y = 1 and X large would work just as well for o = 1.)

APPENDIX A. ALTERNATIVE APPROACH WITH COMPLETELY MULTIPLICATIVE L-SERIES

Given P > 1, formally define Li(f,s) = [[,op(1 = Ap(p)p~®)" = 32,5 Np(n)n™>.
Under Ramanujan, the Euler product and Dirichlet series converge uniformly absolutely to
a common holomorphic non-vanishing function for R(s) > 1 + ¢, if P > m?/<_ since then
Ap(p)p~*| < mp~tm0 < pto/2 for p > P.

Proposition A.1. For suitable P <., 1, the following both hold: (i) the quotient Ly := Ly/L
extends to a holomorphic non-vanishing function on R(s) > 1/2 4+ ey with |La(f, s)| = 1
uniformly, and (ii) Lo(f, s) = L(A%, 7y, 28)Ls(f, s) where Ls is holomorphic and non-vanishing
on R(s) > 1/3+ €y with Q™ Ly e |Ls(f, )] Kep,e @ uniformly.

Proof. First, we expand formally:

1— X\s(p)p~ o(=1)es,(p)pi®
e BTN D Vel

1 — Ar(P)p~*1psp =

where ¢;(p7) = (=1)7eg;(p) = by (p7) for p < P and ¢;(p*) = 327, bp(p) A (p)*7 for p > P.

Under Ramanujan, we get
o les ()] = 1bs (@) < (7 ) <m?, and ¢;(p’) = by(p’) = 0 for j > m, for p < P;
o |ci(p™)| <m-mP <m? and ¢;(p') =0, for p > P (since by (p?) = 0 for j > m).

p>2
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Thus ¢;(p?) < 1 for p < P, while |¢;(p*)| < p*/2 for p > P provided P > m*/<. Tt follows
that c;(n) <. n /2 5o c;(n) <, n (choose € = ¢/2).

We now show the Euler product for Ly converges absolutely for R(s) > 1/2 + €. First,
Loyo(f,s) = [li<,,(1 — ayi(p)p~®) # 0 under Ramanujan for p < P, With log|Ly,| < m
uniformly (note p~2 < 271/2). For p > P, on the other hand, Ly, (f,s)—1=3",-,cr(pF)p~*
is bounded by p©~=27/(1 — p©/2=7) < 10p~ =%, say. If P > 10, then Ly,(f,s) lies in a
disk centered at 1 bounded away from zero, so |log Ly, | <, p*HO uniformly. Therefore
>_p>plog Ly, converges uniformly absolutely for (s) > 1/2 + €, and [[ -, L2, converges
likewise to a holomorphic non—vanishing function on 5)%(5) > 1/2 + €, extending Ly; then
log|La| <y O(mP + P~ /€y) <, 1 so that |Lo| =<,

The argument for L3(f,s) := La(f,s)/L(A?, 7Tf, 28) is analogous, since for all p{ q(f) w
have 1/L, (A%, 7,28) =1 — epa(p)p S + O(p~**). (To bound the contribution from primes
p|q(f), we use a bound like JT, »(1+ O(p~%)) < (14 0(27%))*) <, q(f)<.) O

plg

Here Xy(n) = [T, Lp>pAs(p )%™ is completely multiplicative, so

1
Ll(f S) H(1_>‘f Z:u

Now define M;(f,s) =3, ., ,u(n))\’f(n)n_S and Zl(f7 s) = Li(f,s)M(f,s) — 1.

Remark A.2. Given a large sieve inequality with A;(n) coefficients, complete multiplicativity
would allow us to analyze Z; following [Bom65, Hux71| nearly verbatim. Nonetheless, since
we only assume a large sieve inequality with Af(n) coefficients, we will need to mold our
N(n) sums into A\y(n) sums, so that the technique of Section [2.1| applies.

Fix ¢y > 0 small. The zeros of L;(f,s) and L(f, s) coincide for (s) > 1/2 + €, in view of
the factorization Li(f,s) = L(f,s)La(f,s). Since |La(f, s)| < 1 uniformly, a 2/th moment
bound for L on $(s) = 1/2 + ¢, transfers over to L;. To bound a suitable moment of Z; on
or near the critical line following Bombieri-Huxley, it remains to bound the second moment
of My(f,o +it); but Ny = c; * )\f by the formal identity L; = Ly - L, so

My(f,5) =Y pu(n) =Y 0 Lupp(n)ep(d)rs(n/d),

n<zi n<zi dn

where c(d) is effectively supported on square-full d’s since \;(n) is supported on n coprime
to P!. We may now proceed as we did before for M(f,s), via the formalism of Section [2.1]
Similarly, to bound |Z;|? on the line R(s) = 1 + €y, we compute

Zi(f,5) = Oy (a7 logz) 4+ 30 A)X(mpn™,
z1<n<z1x1
where A'(n) =3 L,<e ln,<zpi(n1). Again expressing Ay (n) via Dirichlet convolution
cgx Ap for n L P!, we may finish the same way as we did for Z(f, s).

Remark A.3. Strictly speaking we have only assumed a moment bound on R(s) = 1/2, but
presumably moments are no harder on R(s) = 1/2 + €. Alternatively, one could appeal to
Gabriel’s convexity theorem (applied to L), interpolating between o = 1/2 and 0 = 1 + e.

Remark A.4. We could try directly working on R(s) > 1/2 using the further factorization
Lo(f,s) = L(A?,7p,28)L3(f, s), assuming the prime number theorem for L(A?, 7, —). The
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potential pole at s = 1/2 (of order r; depending on f) may or may not complicate the
analysis.

APPENDIX B. APPROXIMATE FORMULA FOR L IN THE CRITICAL STRIP

Nowhere above do we truly need to approximate L(f,s) in the critical strip: near o = 1/2
such approximations are subsumed, in spirit, by the 2{th moment “Lindelof on average”
bound that we have assumed; near 0 = 1, naive approximations on ¢ = 1 + € suffice.
Nonetheless, in view of moment proofs, and for ease of comparison with other techniques
(some of which directly bound zeros, without interpolation), it is convenient to work out
what the approximate functional equation gives, which may be close to the most efficient
unconditional approximation without assuming a strong ingredient like Lindelof.

Following [IK04, p. 257], we take the cutoff function w(z) := k [~ exp(—y —y*)d*y for
x > 0, normalized so that w(0) =1 (here k' = 0.2277...). We record the following:

o w(z)+w(l/x)=1,s00<w(z)<1forall z € Ryp;

o w(z) < ke™® and w(z) > 1 — ke~ /%, reflecting the sharpness of the cutoff;

e the Mellin transform @(s) := [;° w(x)2z* *dx is holomorphic except at s = 0, where
it has a simple pole with residue w(0) = 1;

o sw(s) =k [ exp(—y —y H)y*d*y = 2kK,(2) is even, so W(s) is odd; and

o (s) < |s|l“lI=te=7/2 uniformly for s € C [IKO04, p. 258, (10.57)].

Y

Remark B.1. [IK04] derives the last estimate by plugging z = 2 into the “non-integer power’
series expansion of 2K,(z) = [ exp(—y — y~')*/?y*d*y to get

sh(s) = ﬁ STk ME(k — 8) 7 = Tk + )]

for s ¢ 7Z (cf. e.g. [Iwa02, pp. 202-205, Appendix B.4]). It suffices to derive the bound
for |t| > 1, since |t| < 1 can be done by 2|K,(2)| < I'(Jo|) < |o/e|l?I1/? (Stirling) unless
o < 1, in which case the bound easily follows by compactness (note |s|l”l — 1 as s — 0). For
t| > 1 one has sin(7s) > e and the rapidly decaying sum over k is O(|s|!”le™/2) (one
can handle terms with (k + s) > 0 using Stirling, noting that 1/I'(z) is entire; for terms
with R(k + s) <0, one can first use the recursion for I' to move into R(z) > 0). It could be
interesting to find an alternative real variable derivation, using oscillation due to .

B.1. Gamma factor bounds. As in [IK04, p. 94, (5.3)], assume the local parameters
k; = kyp; € Cof L(f,s) at infinity are either real or come in conjugate pairs, with v(f,s) =

72 [ Lc T(552) = 7(f, 5); also assume R(k;) > —1 for all j.
Proposition B.2 (Cf. [IK04, p. 151, (5.115)]). If —1/2 < R(s) < 3/2, then
Y(f,1—s mlo— Y S+ K;
’ ( )‘ = o 1/2)qoo(3)1/2 H‘1| J‘
J

RO — s+ k|
Furthermore, if Ramanujan, i.e. R(k;) > 0, holds, then for —1/2 < R(s) <1 — € one has
I (f, 1= )]

L Goo(8)277.
v (£, 8)l

Remark B.3. [IKO04]’s derivation, based on [IK04} p. 151, (5.114)], appears to be incorrect;
the factor of quo(s)*/? (here k := R Y &;) should be replaced with [T, (|it + r,| 4 3)%%)/2.
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(The definition of ¢..(s) has a typo: |t + &;| should be it + &;| or |s + k;|.) Furthermore, the
implied constant in |[IK04, (5.114)] appears to depend on an upper bound for R(x1), ..., R(km)
(due to the approximations 3(z) arg z = 7|(z)|+O(1) and R(z) loge = O(1) implicitly used
in Stirling for z = (s + x;)/2 + 1), so it is not completely absolute as claimed in [TK04].
Proof. Note that T'(*5%)(s+£;) = F(#), where R(s+£;+2) > 1/2. By Stirling’s formula
[IKO04, p. 151, (5.112)], |U(2)| < |2*=1/2|e=®*) for » € C with, say, R(z) > 1/10 (consider
|z] > 1 and |2| < 1 separately). Let z = H”—;“ and w = (1_8)%4’27 so R(w), R(z) > 1/10
and 6 :=w — 2z =1/2 — 0 € [—1,1]. Following [Har02, p. 929, Lemma 3.2], we compute
@l (@ — 1)|/[2T (2 = )| = [(w) /T ()] < |2+ 68| (2 + )12 /7712,

Crucially, if |z| > 10, say, then [0/z| < 1/10 is small enough so that in the present standard
log branch, log(z + 0) — log(z) = log(1 + d§/2) < |§/z| by comparing arguments modulo 27.
Then (2 +0)*"/?/2*71/% = exp((z — 1/2) log(1 + 0/2)) = exp(O(]z]|d/2])) = exp(O(1)); by
compactness, the bound may be extended to all z, provided R(w),R(z) > 1/10.

Finally, |z +0]° < |2|° < (34 |s+ &;])° < (3+ it + K;|)° by similar (but simpler) reasoning,
and e% < 1, so multiplying over j < m yields

(f71_8>| |1_S+Hj| m(oc—1/2) 0
m T oolS)
O )

as desired. Furthermore, under Ramanujan, |1 — s+ x;| > € and |s + ;| <. |1 — s+ &;] for
—1/2 < R(s) <1 — ¢, so the second bound immediately follows (note 77(°~%/2) < 1), O

Proposition B.4. If R(s) < —6, then
h/(fa - S)/V(f? S)| <m H maX(|S + K’j|7 |1 -5+ Kj|)1/2_0°

Jj<m

Proof. m~m(=0)/24ma/2 — zm(0=1/2) « 1 50 it remains to bound I'(w)/T'(z), where z = SJ’%
and w = —52. Here R(w) = R(1 — o +k;)/2 > 3 via R(k;) > 1, and w—2 = 1/2—0 > 0.
Let a > 0 be the largest integer such that R(z+a) < R(w); then R(z+a) > R(w)—1 > 1/10

and 6 :=1/2 — 0 —a € [0, 1], so following the previous proof,
a—1 a—1

[(w) I'(w) . . a.
0 = e g LG 9 <t Tz i sl o w1 o

in the last step we have used 6 > 0, and R(z) < R(z +1i) < R(w) for i =0,...,a — 1. Since
d+a=1/2— o, we conclude by multiplying over j < m. O

B.2. Contour argument. Recall from [IK04, p. 94, (5.4)—(5.5)] the completed L-function
A(f,s) := q(f)**y(f,s)L(f,s) and functional equation A(f,s) = e(f)A(f,1 — s), where
le(f)] = 1. If L(f,s) is entire, then as in [IK04, p. 258, (10.58)—(10.60)] we get

1 1
L(f, s :—,/ L(f,s4+u)X" du + — L(f, s —u) X “w(—u)du,
59 = g [ P 0X Bt o [ (g wx )
the first term yielding > -, Ay(n)n™*w(n/X) if R(s +u) > 1, and the second term
1 ()P (f1 = s + )

- e(f) L(f,1—s+uw)X “w(u)du

2m R(u)=mn0 Q(f)(s w/2 (f s — u)
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since w(—) is odd; here 79 > 0 may be freely chosen.

Assume 0 < o < 1. If ny > 10, then (s —u) =0 —ny < —6 and R(1 — s+ u) > 1, so by
Proposition we may safely expand L(f,1 — s+ u) as a Dirichlet series and consider the
pieces 3oy Ap(DI71H 7% and 30,0 A (D171 < YO0F separately, for some Y > 1. By
the triangle inequality, the contribution from “large frequencies” [ > Y is at most

Y omote Xm0 gy 0L o= mIvl/2 () 1/2 =00 H max(|s —u+ ], |1 =5 +a + r;|) /27| du)
(m0) jsm
up to an O,, (1) factor, where v = I(u). But |s —u+ k;| < o+ |u| + |it + k5|, and similarly
1 —-5+a+kj| <(1—0)+ |u|+|it + K|, so max(|—|,|—|) < (14 |u])(1 + |it + &;]). Since
—0 <0, and q(f), 1+ |ul,geo(s) > 1, the integral is bounded by

[yt QR (L a4,
(no)

where q(f,s) = q(f)goo(s) is assumed to be at most ()y. Now we split the integral as follows:
e for |v| < 2n, the integrand is at most Y2Qy*(Qo/XY )™ (4no)*>™™ . for a total over
€ [—2n, 2n0] of at most Y2 1/2(Q0/XY)7’0(4170)4W70
e for |v| > 27y, the integrand is at most Y2Q(1)/2(Q0/XY)’70 times (2|v|)3mme7Ivl/2 <
(40mng)>mm el (note 7/2 > 1), for a total of < Y2 1/2(Q0/XY)770 (40ming)Ammo,
If 7 := max (10, (XY/Qo)Y/*™ /40m), then we get a final contribution from [ > Y of

< Y2QU 2 (Qo/ XY )P? &0 Y2QU 22 &y (XY) B

for B > 0 arbitrarily large, provided XY >, Q3" (so that XY/QO Sme (XY)/2).
For “small frequencies” [ <Y, we shift to §R( ) =m >0with —1/2<o—mn <1—¢ so0
that Proposition applies. Taking absolute values gives a bound of

Z WZ_H_S_U )

<<m7€ / |du|q(f7 S>1/2—O'+771X_771|u|771—1e—7r|'u|/2
(m) =

Clearly |u|™' < 1/m; and |u|™ < [(1+n)(1+ [v])]™, and (14 |v])me ™12 < (24 10m)m e~
so |u[mte 2 < prt(2 4 10m)?me Ml < eIl provided 1y € [e,e7Y]. Also, [71F57% =
[75[?°~17% 5o upon conjugation, the integral above simplifies to

<<m,e X_mQ(f, 8)1/2_J+n1 / 6_‘U|d’U.

veER

Z /\f(l)l—5120—1—ﬂ

<Y

The above analysis yields the following approximation for L(f, s) for |t| < Q°T"
Proposition B.5. If f € §o satisfies Ramanujan at infinity, and [t| < Q“/™T /m, then

Z Ar(n)n™*w (%)

n<Q<X

l 20—1—m1+iv
PRIl (?) e Pldy

<Y

Kimye,B Q_B + X_Ulq(f7 5)1/2—U+771y20—1—771 /

veER

for 0 < o <1, provided X, Y > 1 satisfy XY >, Q' andn € [e,e N[o—14¢€,0+1/2].
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Proof. First we check that q(f,s) < Qo := 4™Q'*. Indeed, take ¢’ € [mt/(2Q™), mt/ Q™
such that |it’ + k;| > [t|/(3Q<™) for all j < m (the set of exceptions has measure at most
m|t]/(3Q™)). But f € Fo and /| < T imply [[(1 + |x; + i'|) < Q by definition, and

1+ |kj + it [t — 1| ||
||—<|| 1= 1 <|| 1+ 30¢m2 ) < (g0/mym
1+ |kj+at'| — +1+|/~ej+z't'\ - +3Q || < Q7)™

where |t — /| < [¢t| since t,t" have the same sign. Thus [[(1 + |r; + it]) < 4™Q'¢, and
the previous discussion applies since XY >, . Q73 >, Qi™. The only missing point is

Y onsoex Ar()InTw(n/X) Kmen QP (clear from w(n/X)? « e /X <e Ye/X). O

Remark B.6. Some possibly useful choices of 1; include 7 = € (for 0 < o < 1), or perhaps
m=c—1/2+¢ecorn =20 —1+c¢€ (for 1/2 <o <1, or without the € for 0 > 1/2 + ¢).

APPENDIX C. OTHER TECHNIQUES, AND REMARKS

Is there a cleaner way to see that Z7 = LM — 1 takes its “essentially separable” form?

Generically we expect Z = 0, so it makes sense to take A > 1in 1 — Z4. But overall, is
there loss from using log|F| < 3" log*|1 — Z4|? What does Nevanlinna theory have to say?

[Duk89] proves a large sieve with a T-integral (maybe only if T" is large); perhaps could try
doing that too here, as that is what we really use everywhere, not the pointwise ¢ bound.

Compare interpolation vs. direct bounding of zeros.

For direct approach, see e.g. [KM02, Lemma 18]. See also approach in the textbook [Mon71]
(cf. [Hux76]; [Duk89| uses [Bom87]’s simplification; |[IK04, §10.4] may be a variant, with a
different cutoff?), and Turan approach (see e.g. [LOT19,[TZ21]). Selberg’s refinement (see
[KMO02, §3, based on the notion of pseudo-characters]) seems to only be for log removals, but
I may be wrong. See also Sarnak’s real zeros heuristic using explicit formula; could one rule
out internal cancellation by averaging x?

Regarding amplification and inflation techniques (see e.g. [IK04, p. 262, “Raising Dy(s, x)
to a suitable power...”]): intuitively, the shorter the sums (z, z, etc.), the better the final
estimate should be, but is this really the case for interpolation?

Are there toy functions for which Riemann fails, but density is the truth? Could help build
intuition. Also, is the Euler product really necessary? Cf. [GORZ19| on Jensen polynomials.
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